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An F-planar graph, where F is an ordered field, is a graph that can be re- 
presented in the plane F x F, with non-crossing line segments as edges. It is 
shown that the graph G is F-planar for some F if and only if every finite sub- 
graph of G is planar. 
Let F be an ordered field. If x, y are distinct points of F x F, the line 
segment joining x and y is the set of all points of the form tx + (1 - t) y, 
where0 < t < 1 and teF. 
Let V C F x F, and let E be a collection of line segments joining (some) 
pairs of points of V such that no two distinct segments in E meet except 
possibly at end-points. In the natural way the pair (V, E) determines a 
graph. If G is a graph and F is an ordered field for which there exist V, E 
as described above such that the graph (V, E) is isomorphic to G, G is 
called an F-planar graph. In this note we characterize those graphs that 
are F-planar for some F. The only interesting new situations will arise when 
G is infinite. An F-planar graph must be simple (no loops or multiple 
edges) so from now on in this paper graph will mean simple graph. The 
following is a small rewording of old results: 
THEOREM 1. Every finite planar graph is Q-planar. 
Proof. By the main result of [2], every finite plane graph is isomorphic 
to a plane graph in which the edges are straight line segments. By moving 
the vertices slightly if necessary, one can ensure that furthermore all 
vertices have rational coordinates. 
THEOREM 2. Every Jinite subgraph of an F-planar graph is planar. 
Proof. It is sufficient to show that an F-planar graph cannot contain a 
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finite subgraph which is isomorphic, to within vertices of degree two, to 
either of the Kuratowski graphs K5 or &. The ordinary proof works, for 
it is easy to show that in the plane F x F every polygon has an inside and 
an outside, and a polygonal line segment joining an inside point to an 
outside point must cross an edge. 
A graph which does not contain any finite subgraph isomorphic, to 
within vertices of degree two, to either I& or J&3 will be called locally 
planar. The main result of this note is that every locally planar graph is 
F-planar for some ordered field F. The fields F we construct will be ultra- 
powers of the field R of real numbers. For completeness we sketch the 
relevant parts of the ultrapower construction. Full detailscan be found in [ 11. 
Let I be an index set, and let D be an ultrafilter on I. Iff, g E R’, write 
f~ g if the set of i such that f(i) = g(i) belongs to D. Let f/D be the 
equivalence class off under the relation D, and let RI/D be the collection 
of all such equivalence classes. On RI/D define addition, multiplication by 
f ID + g/D = f + g/D, f ID . g/D = fg/D, respectively. Write f /D < g/D 
if the set of i such that f (i) < g(i) belongs to D. It follows trivially from 
Los’s theorem (see [I, p. 90]), and almost as easily by direct verification 
that, under this addition, multiplication, and order, RI/D is an ordered 
field. RI/D is a non-standard model of analysis, and has the same elemen- 
tary properties as the real numbers. 
THEOREM 3. For every infinite cardinal K, there is an ordered field F, 
such that any locally planar graph qf cardinality K is FK-planar. 
Proof. Let r = T(K) be the set of finite subsets of K, where we identify 
K with the set of ordinals < K. For any CY E K, let K, = {X E r : 01 E X}. 
The family {K, : 01 E K} has the finite intersection property, and so can be 
extended to an ultrafilter D = D(K) on r. Now let FK = Rr/D. We show 
that every locally planar graph G of cardinality K is F,-planar. 
Without loss of generality, we may take K as the set of vertices of G, and 
so the elements of r can be identified with the finite subgraphs of G. 
Since G is locally planar, by Fary’s theorem every X E r is R-planar. So 
there is a set of distinct points V,(X) ( cwEX)ofR x Rsuchthat,ifa,& y,6 
are distinct vertices of X, with (II and /3, y and 6 adjacent, then the line 
segment joining V,(X) and V,,(X) does not meet the line segment joining 
V,,(X) and V,(X). 
Now for any 01 E K define functions fa , g, : r-t R by : 
fa(X) = s%(X) if 01 E X 
= 0 otherwise, 
gIy(X) = tm(X) if 01 E X 
= 0 otherwise, 
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where V,(X) = (sJX>, &(X)). Let V, = (fJD, g,/D). Then certainly 
V,EF, x F,. 
It is easy to verify that, if cy. # /3, V, # Va . We show now that, if 
01, p, y, 6 are distinct vertices of G, with 01 and /3 adjacent, and y and 6 
adjacent, then the line segment joining V, and V, does not meet the line 
segment joining V, and V, . This will establish that G is F,-planar. 
So suppose there arep/D, q/D E Rr/D, with 0 < p/D < 1, 0 < q/D < 1 
such that: 
PIDV, + (1 - PID) Vo = q/DV, + (1 - 49 Va. (1) 
From the inequalities for p/D, q/D, since the intersection of a finite 
number of sets in D is in D, we have 
{X: 0 <p(X) < 1 and 0 <q(X) < l)ED. (2) 
But from (1) 
w : P(X).L(X) + (1 -P(X))&(X) 
= dX)J;W) + (1 - NOMXN E D, (3) 
{X : P(X) g,(X) + (1 - P(X)> g&u 
= q(X) g,(X) + (1 - q(X)) a@‘)~ E D. (4) 
But from the definition of D, all the K, are in D, and so, for any (Y, /I, y, 6, 
{X:~~,/~,~,SEX}ED. (5) 
But now from (2), (3), (4), and (5) we see that 
{X : PW vaw + (1 - P(W) v,(W 
= 4(X) V,(X> + (1 - q(X)) V,(X) 
and 
0 d P(X) < 1, and 0 < q(X) < l} E D. 
So in particular there is an XE r, and distinct vertices o(, /3, y, 6 of X 
such that 01 and /3 are adjacent, and y and 6 are adjacent, but the line 
segment joining VJX) and V,(X) meets the line segment joining V,,(X) and 
V,(X), contradicting our choice for the V,(X). 
It can be shown that the field Fx we have constructed has cardinality 2K. 
Any locally planar graph of cardinality K is F-planar for some field F of 
cardinality K. For we can always cut down to the subfield of F, generated 
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by the coordinates of the vertices of the graph. By Theorem 1, one could 
choose FK = Qr/D, but Rr/D seems geometrically more natural. 
Let V be a set of points of F x F, and let E be a set of edges in F x F, 
with each edge made up of a finite number of line segments, and with edges 
meeting only at end-points. The pair (V, E) then determines a graph. The 
same argument as the one used in the proof of Theorem 2 shows that the 
graph (V, E) is locally planar. So, by Theorem 3, the graph (V, E) is 
F*-planar for some ordered field F*. This provides a weak generalization 
of Fary’s result [2] to infinite graphs, for it says that over a large enough 
field F* the edges can be represented by straight line segments. We do not 
know whether one may take F* = F, even for the case F = R. 
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